The cold dark matter at the center of a galaxy will be redistributed by the presence of a massive black hole. The redistribution may be determined using an approach pioneered by Gondolo and Silk: begin with a model distribution function for the dark matter, and "grow" the black hole adiabatically, holding the adiabatic invariants of the motion constant. Unlike the approach of Gondolo and Silk, which adopted Newtonian theory together with ad hoc correction factors to mimic general relativistic effects, we carry out the calculation fully relativistically, using the exact Schwarzschild geometry of the black hole. We find that the density of dark matter generically vanishes at r = 2RS, not 4RS as found by Gondolo and Silk, where RS is the Schwarzschild radius, and that the spike very close to the black hole reaches significantly higher densities. We apply the relativistic adiabatic growth framework to obtain the final dark matter density for both cored and cusped initial distributions. Besides the implications of these results for indirect detection estimates, we show that the gravitational effects of such a dark matter spike are significantly smaller than the relativistic effects of the black hole, including frame dragging and quadrupolar effects, for stars orbiting close to the black hole that might be candidates for testing the black hole no-hair theorems.
I. INTRODUCTION AND SUMMARY
The distribution of dark matter in the centers of galaxies is a subject of great interest for several reasons. If, as suggested by N-body simulations [1] , the density has a cusp at the center because of the large gravitational potential well there, the rates of either decays or annihilations of the dark-matter particles would be enhanced, leading to potentially detectable fluxes of high-energy radiation. Indeed, our own galactic center has been a key target for "indirect searches" for signatures of dark matter [2, 3] . The unprecedented accuracy of the high-energy sky survey provided by the Fermi Large Area Telescope (LAT) [4] , and the recent claims for the presence of a 130 GeV line-like feature [5] and of an excess emission at GeV energies [6] have fuelled a sustained interest in the region of the galactic center. In addition, the augmented dark-matter mass distribution could have an influence on the orbits of stars and other matter in the center of the galaxy.
Furthermore, if a massive black hole also resides at the center of the galaxy, its strong gravity could lead to a significant increase in the central region with the creation of a "spike" in the dark matter density. In their seminal 1999 paper, Gondolo and Silk ( [7] , hereafter referred to as GS) presented a simple model for estimating the density of dark matter in the vicinity of a massive black hole. Starting with a pre-existing dark-matter density profile, they imagined "growing" a massive black hole adiabatically, that is on a timescale long compared to the orbital timescale of a typical dark matter particle. The phase-space distribution that is implied by the initial density profile evolves in such a way that it retains its form as a function of the relevant dynamical variables, such as energy and angular momentum, but the energy and angular momentum evolve from their initial forms determined by the dynamics of the initial density profile to final forms determined by the dynamics of the dominant black hole in a way that holds the adiabatic invariants of the motion constant. Far from the black hole, where gravity is dominated by the dark matter mass distribution, nothing changes. But close to the black hole the density distribution is significantly modified.
But a black hole is a general relativistic object. GS carried out an analysis that was primarily Newtonian, but they attempted to take general relativity into account in an ad hoc way, by adopting a critical angular momentum per unit mass L c = 4Gm as the minimum value possible for any dark matter particle, where m is the mass of the black hole, G is Newton's constant, and we use units where the speed of light c = 1. This is the value such that a marginally bound particle (with relativistic energy per unit mass E = 1) with this angular momentum will be captured by the black hole. They found that the density would be strongly increased by the black hole, but that it would vanish generically at a distance r = 8Gm, or 4 Schwarzschild radii from the black hole.
We have been motivated to re-examine the GS analysis for several reasons. One of us recently proposed [8] that, should a number of stars be discovered very close (within a few tenths of a milliparsec) to the black hole Sgr A * at the center of our galaxy, then future high-precision infrared astronomy capabilities could provide tests of the so-called "no-hair" theorem of general relativistic black holes. The idea would be to measure the precessions of the orbital planes of such stars induced by a combination of the frame dragging and quadrupolar gravity of the rotating black hole, and thereby test the condition required by the Kerr geometry, Q = −J 2 /m, where Q is the black-hole quadrupole moment and J is its angular momentum. Whether such as test is feasible depends in part on whether other sources of perturbations of the orbit of a star so close to the black hole would swamp the general relativistic signal. Using both semi-analytic techniques and full N -body simulations, it was shown that, for a range of possible distributions of stars and stellar-mass black holes in the central region within 4 milliparsecs (mpc), the orbits of the stars closest to the black hole would still be dominated by relativistic effects [9, 10] . A spike of dark matter particles would also perturb stellar orbits because of their gravitational influence, and therefore we were motivated to understand what this influence might be.
Another reason is that the ongoing search for indirect evidence of dark matter at the center of our galaxy [2, 3] requires both a model for the density distribution of dark matter at the center as well as models for the various decay [11] or annihilation [12] processes for various kinds of dark matter. There are uncertainties in all aspects of these models. However one thing is certain: if the central black hole Sgr A * is a rotating Kerr black hole and if general relativity is correct, its external geometry is precisely known. It therefore makes sense to make use of this certainty as much as possible.
Accordingly, this paper endeavors to put the GS calculation of the dark matter distribution near a black hole on a firm general relativistic footing. We begin by incorporating the general relativistic effects of a rotating BH exactly in the formal treatment of the number density of particles calculated from a phase space approach. In order to treat the GS case, we then specialize to a Schwarzschild black hole, and treat the effects of the capture of particles by the hole exactly, show the exact region of integration in energy -angular momentum (E − L) space, and use the exactly formulated adiabatic invariants of the Schwarzschild geometry to show how to grow the black hole using the GS ansatz.
Far from the black hole, the resulting density profile matches the profile obtained by GS, and by other workers. But close to the black hole, there is a significant difference. This is illustrated in Fig. 1 , which shows the dark matter density ρ for the simple case of a phase space-density f (p) that is constant. This provides an approximation to an initial cored dark matter distribution [7, 13, 14] , f 0 = ρ 0 2πσ 2 v −3/2 , and we chose typical values for the Milky Way ρ 0 = 0.3 GeV/cm 3 and σ v = 100 km/s. For this case, GS obtained the analytic formula ρ(r) ∝ r −3/2 (1 − 8Gm/r) 3/2 , implying that the density should vanish at 4 times the Schwarzschild radius R S = 2Gm . However we find that the density vanishes at 4Gm, or twice the Schwarzschild radius, and that the peak density is significantly higher near the black hole than that obtained by GS.
The vanishing of the density at 4Gm is simple to understand. This is the radius of the unstable circular orbit in the Schwarzschild geometry for a marginally bound particle E = 1, with angular momentum per unit mass L = 4Gm. A particle with L ≥ 4Gm and E ≤ 1 has an inner turning point at r ≥ 4Gm. Therefore any particle that manages to reach r = 4Gm, i.e. one with precisely E = 1 and L = 4Gm is necessarily captured by the black hole. Thus the density of particles must vanish at r = 4Gm, and not at r = 8Gm. The attempt by GS to take the capture by the black hole into account did not fully reflect the relativistic nature of the Schwarzschild effective potential.
Even though the constant phase space density has been used to approximate a dark matter profile with a constant core, the results of N-body simulations [1] suggest that the initial dark matter profile is likely to be cusped, behaving as 1/r γ close to the center. Hence, we carry out the full adiabatic growth calculation using a Hernquist profile as the initial dark matter density, with a total mass of 10 12 M and a scale radius of a = 20 kpc. At distances greater than about 50 R S , the density matches standard results; close to the black hole there is a spike 2 − 3 times higher than the GS spike, and the density vanishes at r = 4Gm. We also take into account the possibility that the dark matter particles are self-annihilating; this leads to a modified profile, with a constant inner density that depends on the annihilation cross-section, the mass of the dark matter particle and the age of the black hole, matching to a Hernquist profile at large distances (see Fig. 3) .
For both the self-annihilating and non-self-annihilating cases, we calculate the pericenter advance that would be experienced by both the star S2, which has recently been seen to complete a full orbit around Sgr A * (semi-major axis ∼ 4 mpc), and a hypothetical star in a high-eccentricity orbit near the black hole (semi-major axis ∼ 0.2 mpc) that might be a candidate for a no-hair-theorem test. We find that, for both types of dark matter, the pericenter advance induced on a no-hair target star is negligible compared to the relativistic angular precessions expected from the black hole. For the S2 star, the precession is negligible for self-annihilating dark matter, and at the level of a few micro-arcseconds per year as seen from Earth for non-self-annihilating dark matter, such as axions. This is undetectable at present, but could be marginally detectable with future astrometric capabilities. The rest of this paper provides the details supporting these conclusions. In Sec. II we review the GS approach using Newtonian theory, and in Sec. III we carry out the fully general relativistic calculation. Section IV applies both the Newtonian and relativistic approaches to the example of an initial Hernquist profile. In Sec. V we use the results to estimate the pericenter advance for stars orbiting the galactic center black hole. Section VI presents concluding remarks. Because we work in both Newtonian gravity and general relativity, we use slightly non-standard units, keeping Newton's constant G, but setting the speed of light c = 1.
II. GROWING A BLACK HOLE IN A DARK MATTER CLUSTER: NEWTONIAN ANALYSIS
We begin with a purely Newtonian analysis of the process of growing a black hole adiabatically within a preexisting halo, assumed to be isotropic in both position and velocity space. We will generally follow the approach used by Binney and Tremaine [15] (BT hereafter) and Quinlan et al. [16] . In addition to reproducing the non-relativistic results in [16] , which extended the study of the isothermal sphere carried out in [14] , this will set the stage for our fully general relativistic analysis.
Given a distribution function f (E, L), which is normalized to give the total mass M of the halo upon integration over phase-space, the physical mass density is given by:
where the energy and angular momentum per unit mass E and L ≡ |L| are functions of velocity and position, defined by
where Φ(r) is the Newtonian gravitational potential. We now change integration variables from v to E, L, and the z-component of angular-momentum L z , using the relation
where the Jacobian is given by the determinant of the matrix
where v r ≡ x · v/r =ṙ, and
Including a factor of 4 to take into account the ± signs of v θ and v r available for each value of E and L, we obtain d 3 v = 4L/(r 4 |v r ||v θ | sin θ)dEdLdL z , and thus the physical density
We will assume throughout that the distribution function is independent of L z ; as a result we can integrate over L z between the limits ±L sin θ, to obtain Eq. (1) in [16] :
The limits of integration are set in part by the fact that
1/2 must be real, and thus L ranges from 0 to [2r
, while E ranges from Φ(r) to 0, the maximum energy that a bound particle could have. We thus have
So given an initial distribution function f (E , L ), which acts as a source for the gravitational potential Φ(r), we can generate the density ρ(r) from eq. (2.8). It is often the case that we have knowledge of the initial dark matter density, ρ(r), either from observations or from fits to the results of numerical simulations. For a chosen initial ρ(r), an isotropic distribution function can be constructed by Eddington's method (see BT for discussion). We next imagine a point mass growing adiabatically at the center of the distribution. As the gravitational potential near the point mass changes, each particle responds to the change by altering its energy E and angular momentum L and L z , holding the adiabatic invariants I r , I θ and I φ fixed, where
The constancy of I θ and I φ implies that L and L z remain constant, no surprise considering the assumed spherical symmetry. But when the potential evolves from the initial potential Φ to a new potential Φ that includes the point mass, E evolves to E such that
As shown in [14] (and extended to the general relativistic domain in [17] ), the distribution function is invariant under
; in the original distribution function, E is expressed in terms of E and L by inverting Eq. (2.10). Note that, for a potential dominated by a point Newtonian mass, Φ = −Gm/r, and
The density in the presence of the growing point mass may then be expressed as
III. GROWING A BLACK HOLE IN A DARK MATTER CLUSTER: RELATIVISTIC ANALYSIS
Given a system of particles characterized by a distribution function f (4) (p), there is a standard prescription for writing down the mass current four-vector [18, 19] :
where µ is the particle's rest mass, p and p µ represent the four-momentum, g is the determinant of the metric, and d 4 p is the four-momentum volume element; the distribution function is again normalized so that the total mass of the halo is M .
As in the Newtonian case, we wish to change variables from p µ to variables that are related to suitable constants of the motion. In the absence of a black hole, and for a spherically symmetric cluster, the constants would be the relativistic energy E, the angular momentum and its z-component (L, L z ), together with the conserved rest-mass
A black hole that forms at the center will generically be a Kerr black hole, whose constants of motion are E, L z , µ, plus the so-called Carter constant C. In the limit of spherical symmetry, such as for no black hole or for a central Schwarzschild black hole, C → L 2 . We will therefore begin by changing coordinates in the phase-space integral from p µ to E, C, L z and µ assuming that the background geometry is the Kerr spacetime. We will find that the loss of spherical symmetry and the dragging of inertial frames that go together with the Kerr geometry make the problem considerably more complex. Further study of this case will be deferred to future work. Taking the limit of a Schwarzshild black hole simplifies the analysis, and allows us to formulate the adiabatic growth of a non-rotating black hole in a fully relativistic manner.
A. Kerr black hole background
The Kerr metric is given in Boyer-Lindquist coordinates by
where G is Newton's constant, m is the mass, a is the Kerr parameter, related to the angular momentum J by a ≡ J/m; Σ 2 = r 2 + a 2 cos 2 θ, and ∆ = r 2 + a 2 − 2Gmr. We will assume throughout that a is positive, and use units in which c = 1.
Timelike geodesics in this geometry admit four conserved quantities: energy of the particle per unit mass, E; angular momentum per unit mass, L z ; Carter constant per unit (mass) 2 , C; and the norm of the four momentum:
The version of the Carter constant used here has the property that, in the Schwarzschild limit (a → 0), C → L 2 , where L is the total conserved angular momentum per unit mass.
We want to convert from the phase space volume element d 4 p to the volume element dEdCdL z dµ, using the relation
Again including a factor of 4 to take into account the ± signs of p θ and p r in contrast to the quadratic nature of C and the norm of p µ , and using the fact that √ −g = Σ 2 sin θ, we obtain
If the particles in the distribution have the same rest mass, and if we again assume that the three-dimensional distribution function is normalized as before, then
, and thus we can integrate over µ, to obtain
We again assume that f is independent of L z . Equation (3.7) may be compared with Eq. (2.6); J 0 is related to the density ρ, the relativistic energy E replaces E, C plays the role of L 2 , Σ 2 ∆ replaces r 4 , and four-velocities u r and u θ replace ordinary velocities v r and v θ . By definition, J µ ≡ ρu µ , where ρ is the mass density as measured in a local freely falling frame, and u µ is the fourvelocity of an element of the matter, which can be expressed in the form
Thus, once the components of J µ are known, then u 0 = γ can be determined, and from that ρ = J 0 /u 0 can be found. Alternatively, because the norm of
µ has no spatial components, then u 0 = (−g 00 ) −1/2 and ρ = √ −g 00 J 0 . The four-velocity components u r and u θ can be expressed in terms of the constants of the motion by suitably manipulating Eqs. (3.3c) and (3.3d), leading to
where
From Eq. (3.7), it is clear that, since u r and u θ are equally likely to be positive as negative for a given set of values for E, C and L z , the components J r and J θ of the current must vanish. Furthermore, since u 0 = −E and u φ = L z , we have that
Even if we assume that f is independent of L z , the presence of the term in V (r) [Eq. (3.9) ] that is linear in L z implies that J φ will not vanish in general, and thus the distribution of matter will have a flux in the azimuthal direction. This, of course, is the dragging of inertial frames induced by the rotation of the black hole, an effect that will be proportional to the Kerr parameter a. In this case the density may be obtained from
where Ω ≡ J φ /J 0 . If a = 0, then J φ = 0, and
. The three-dimensional region of integration over E, C and L z is complicated. The energy E is bounded above by unity if unbound particles are to be excluded from consideration. The variables are bounded by the two-dimensional surfaces defined by u θ = 0 and u r = 0, the latter depending on the value of r. A final bound is provided by the condition that if a given particle has an orbit taking it close enough to the black hole to be captured, it will disappear from the distribution. For a given E and L z there is a critical value of C, below which a particle will be captured. No analytic form for this condition has been found to date, although for non-relativistic particles for which E = 1 is a good approximation, Will [20] found an approximate analytic expression for the critical value of C.
The adiabatic invariants in this case are given by
B. Schwarzschild black hole background
We now restrict our attention to the Schwarzschild limit, a = 0, in which
The metric components are g 00 = −g −1 rr = −1 + 2Gm/r, and g 0φ = 0. Substituting these relations into Eqs. (3.10), we write J 0 in the form
and we observe that J φ = 0. We then integrate over L z explicitly to obtain
We again assume that E is bounded from above by unity; E and L are also bounded by the vanishing of V (r) and by the black hole capture condition. Unlike the Kerr case, the capture condition in Schwarzschild can be derived analytically. We wish to find the critical value of L such that an orbit of a given energy E, and L will not be "reflected" back to large distances, but instead will continue immediately to smaller values of r and be captured by the black hole. The turning points of the orbit are given by the values of r where V (r) = 0. The critical values of E and L are those for which the potential has an extremum at that same point, that is where dV (r)/dr = 0. The chosen sign for V (r) also dictates that this point should be a minimum of V (r), that is that d 2 V (r)/dr 2 > 0, corresponding to an unstable extremum. We obtain from the condition dV (r)/dr = 0 the standard solution for the radius of the unstable circular orbit in Schwarzschild
Substituting this into the condition V (r) = 0 and solving for L, we obtain the critical value
(3.16)
Notice that, for E = 1, L c = 4Gm, corresponding to the unstable marginally bound orbit in Schwarzschild at r = 4Gm, while for E = (8/9) 1/2 , L c = 2 √ 3Gm, corresponding to the innermost stable circular orbit at r = 6Gm. The range of integration of the variables is therefore as follows: L is integrated from L min = L c to the value given by V (r) = 0, namely
The energy E is then integrated between its minimum value and unity. That minimum value is found by solving V (r) = 0 with L = L c , and is given by
The regions of integration for various values of r are shown in Fig. 2 . For a given r, the region is a triangle bounded by the critical capture angular momentum on the left, the maximum energy E = 1 at the top, and the condition 
Integrating over E-L space for the Schwarzschild geometry. For a given r, the region of integration lies between the solid lines and the various dashed and dotted lines. As r → 4Gm, the integration area vanishes.
V (r) = 0 on the triangle's lower edge. For r = 6Gm, the lower edge of the region is the long dashed line shown (red in color version). As r increases above 6Gm the lower edge of the triangle moves upward and the right-hand vertex moves rightward, as shown by the dotted and dot-dashed lines in Fig. 2 (blue and green in color version). For values of r decreasing below 6Gm, the lower edge of the triangle moves upward and leftward as shown by the short dashed line in Fig. 2 (violet in color version). At r = 4Gm, E min = E max = 1 and L min = L max = 4, and the volume of phase space vanishes. This implies that, irrespective of the nature of the distribution function, the density of particles must vanish at r = 4Gm; this makes physical sense, since any bound particle that is capable of reaching r = 4Gm is necessarily captured by the black hole and leaves the distribution. This is a rather different conclusion from the one reached by GS, who argued that the density would generically vanish at r = 8Gm. The specific shape of this phase space region for small r will play a central role in determining the density distribution near the black hole. In the Schwarzschild limit, the four-velocity components are given by
1/2 , so that the adiabatic invariants are
C. Example: Constant distribution function
To illustrate the application of these results, we consider the special, albeit unrealistic case of a constant distribution function f (E, L) = f 0 . Then f is still constant after applying the adiabatic condition. Since f is independent of L, we can do the L integration explicitly to obtain
from which we obtain the density
Substituting Eq. (3.16) for L c and integrating over E numerically between the limits shown in Eq. (3.18), we obtain the number density plotted in Fig. 1 .
Gondolo and Silk [7] attempted to incorporate the relativistic effects of the black hole within a Newtonian context as follows. First they approximated the energy E by E = 1 + E with E < 0, so that, to Newtonian order, the denominator in Eq.
1/2 , and EdE ≈ dE. For the critical capture angular momentum they adopted the approximation L c = 4Gm, the value corresponding to E = 1, while for the minimum energy, they adopted the value of E for which the denominator vanishes for that critical angular momentum. For the constant distribution function the integrals can be done analytically, with the result [GS, Eq. In Fig. 1 we plot Eq. (3.22) for comparison with the relativistic result. The two distributions agree completely at large distances, as expected. The GS distribution vanishes at r = 8Gm, and is a factor of three smaller at its peak than the fully relativistic distribution. Interestingly, the simple replacement of 8Gm by 4Gm in the GS formula gives a distribution with the correct behavior at short and large distances, and peaks at a value about 15% higher than our numerical result.
IV. APPLICATION: THE HERNQUIST MODEL A. Newtonian analysis
As an example of models with an inner cusp, favored by the results of N-body simulations, we consider a Hernquist profile [21] . The Hernquist model is a spherically symmetric matter distribution whose density and Newtonian gravitational potential are given by
where ρ 0 and a are scale factors, and M ≡ 2πρ 0 a 3 is the total mass of the cluster. Although the Hernquist profile describes isolated dark matter halos [22] , because of the continued infall from the cosmological background, halos found in cosmological simulations are better fit by an NFW profile [23] . Our choice of the Hernquist profile is motivated by the fact that it captures the same behavior at distances close to the center as the NFW profile, ∝ 1/r, but it has the advantage that its associated ergodic distribution function can be found analytically. As shown in [16] , both profiles fall in the class of γ-models resulting in the same Newtonian spike.
The distribution function that is consistent with this potential is given by the (properly normalized) Hernquist form
wheref
where we adopt the following dimensionless quantities:
where m is the mass of the black hole. With these definitions, Eq. (2.8) for the density becomes:
is given by Eq. (4.3). Normally we would haveL min = 0, and˜ max (x) =ψ(x). But we will allow the more general limits in order to include for comparison the GS ansatz for incorporating black-hole capture effects, namelyL min = 4m(GM/a) 1/2 and˜ max (x) =ψ(x)(1 − 8mM/xa). When we now grow a point mass adiabatially within the Hernquist model, the argument˜ of the initial distribution (4.3) becomes a function of˜ and L by equating the radial actions: 6) and using the fact thatL =L from the angular action. Hence the density around the point mass in a Hernquist profile takes the form: 
We see that it diverges for → 0, corresponding to the least bound particle. We will have to be careful when matching the radial actions in this limit. For the Hernquist potential, withψ = 1/(1 + x) an analytic formula cannot be found for the radial invariant 9) and thus it will have to be evaluated numerically. To this end, it is convenient to transform the integration in the following way. First, combine the three terms inside the square root to get
We solve for the three roots of the numerator, of which the two positive roots give the turning points x + and x − , while the third root x neg is always negative. We then rewrite the function in the square root as:
which is positive in the region x − ≤ x ≤ x + . We now make a change of variables x = t (x + − x − ) + x − , which brings the integral into the domain [0, 1]:
This makes it much easier to control the integration numerically, since we can make sure that the roots have the right signs and ordering, and no numerical round-off errors will prevent the evaluation of the real square root. ForL 2 = 0, the radial invariant can be integrated analytically, with the turning points x − = 0 and x + = 1/ − 1,
and we use this fact in the code. The radial invariant is again divergent for → 0. Since we are only interested in finding a solution in the domain (0, 1], we simply define the value there to be a very large number, and use a bracketing algorithm. For numerical work, it is also convenient to remap the integral (4.7) for ρ(r) into a square domain. This is a particular case of a set of transformations discovered by Duffy [24] . We make a change of variables, (˜ ,L 2 ) → (u, z), that maps the domain of integration in Eq. 
where we emphasize thatL 2 max depends on u. The jacobian is:
With this change, the integral in Eq. (4.5) reads: 16) where the arguments of the distribution function are given in Eq. (4.14). This has the effect of making our codes faster and more stable. One of the advantages is that the integrable singularity that was originally in a corner (˜ =ψ, L 2 = 0) of the integration domain has now been transferred to a line, depending only on the variable z.
Using the GS conditions forL min and˜ max and carrying out the numerical integrations, we obtain the curve labeled "Non-relativistic" in Fig. 3 .
B. Relativistic analysis
We now apply these considerations to the relativistic formalism. Here we define˜ in terms of the relativistic energy E per unit particle mass using˜
the other definitions in Eqs. (4.4) will be the same. Using these definitions, and the relation ρ = −J 0 (−g 00 ) 1/2 along with Eq. (3.15), we find 18) wheref (˜ ) is again given by Eq. (4.3), and where we used E = 1 for the maximum energy of the bound particles which leads to˜ min = 0. Compare the last equation of (4.18) to Eq. (4.5).
To consider the growth of the central black hole and its capture effects, we use Eqs. (3.16)-(3.18) as the limits of the integrals of Eq. (4.18), expressed in terms of the dimensionless parameters. As in the non-relativistic case, in order to grow a point mass adiabatically within the Hernquist model, the argument˜ of the initial distribution function becomes a function of˜ andL by equating the radial actions and using the fact thatL =L from the angular action. Hence, the density around a relativistic point mass in a Hernquist profile takes the form:
The difference here is that in equating the radial actions in Eq. (4.6), we use the relativistic expression for the point-like mass radial action i.e. Eq. (3.19) which in terms of dimensionless variables can be written as 20) where x + and x − are the two turning points. The integration in Eq. (4.20) will have to be evaluated numerically. Now we take the same steps as we used to get Eq. (4.12): first we combine the terms inside the square root to get
We solve for the three roots of the numerator, of which the two positive roots give the turning points x + and x − , while the third x neg is always negative. We then rewrite the function in the square root as:
As before, this leads to easier numerical control. ForL 2 = 0, the radial invariant can be integrated analytically, with the turning points x − = 0 and x + =m/(˜ (1 − GM/2a)):
and we use this fact in the code. The radial invariant is again divergent for → 0 but we are only interested in finding a solution in the domain (0, 1]. For the Hernquist potential we use the same equations as the non-relativistic calculations.
Again we remap the integral in Eq. (4.19) into a square domain using Duffy transformations. The only difference here is thatL 2 min also depends on u. With these changes, the integral in Eq. (4.19) reads: 25) where the arguments of the distribution function are given in Eq. (4.14). The numerical integrations yield the curve labeled "Relativistic" in Fig. 3 . 
C. Profile Modification due to self-annihilation
Our calculations so far give the dark matter distribution as it reacts to the gravitational field of the growing black hole. In addition, the dark matter density will decrease if the particles self-annihilate. In fact, if we take into account the annihilation of dark matter particles, the density cannot grow to arbitrary high values, the maximal density being fixed by the value [3] : 26) where σv is the annihilation flux, m χ is the mass of the dark matter particle, and t bh is the time over which the annihilation process has been acting, which we take to be ≈ 10 10 yr [7] . The probability for dark matter self-annihilation is proportional to the square of the density,
This expression can be derived by noting that the annihilation rate per particle is Γ = nσv, thereforeṅ = −nΓ = −n 2 σv and ρ = nm χ . If we call the output of our code neglecting self-annihilations ρ (r) and the final spike profile ρ sp (r), we can integrate Eq. (4.27) as follows: 28) which gives:
Our calculations do not include the effect of the gravitational field of the halo in the final configuration. This is a good approximation close to the black hole, but far away from the center the effect of the black hole is negligible and the dark matter density will be described by the halo only. We take care of this fact by simply adding the initial Hernquist profile, given in Eq. (4.1), to the calculated spike (4.29). We expect this approximation to be good, except possibly in the transition region. The result is the curve labeled "DM annihilation" in Fig. 3 , where we chose numerical values adequate for a weak-scale thermal relic, σv = 3 × 10 26 cm 
V. PERICENTER PRECESSION WITH A DARK MATTER SPIKE
The presence of the dark matter density at the galactic center can perturb the orbits of stars in that region. A spherically symmetric distribution of dark matter will cause pericenter precessions in orbital motions, but will not change the orientation of the orbital planes. But to get an upper bound on the possible effect of a non-spherical distribution of dark matter on the orbits of potential no-hair-theorem target stars, it is useful to determine the pericenter precession. For this we need the dark matter mass inside a given radius r, which we obtain by integrating our density profiles. The result, for both the self-annihilating and non-self-annihilating cases, is shown in Fig. 4 . As can be seen from Fig. 4 , we can approximate the total mass of the dark matter in the region between 10 R S and 10 4 R S by a power-law function:
which leads to the following additional acceleration term in the equation of motion of a star orbiting the black hole:
wheren ≡ r/r. Using the standard theory of perturbation of orbital elements, we find that the rate of change with angle of the pericenter of an orbit is given by
where h = √ Gmp is the angular momentum per unit mass, p = a(1 − e 2 ) is the semi-latus rectum, a is the semi-major axis (not the Hernquist scale, nor the Kerr parameter), e is the eccentricity, and f = φ − ω is the true anomaly (angle from pericenter). Substituting Eq. (5.2) in Eq. (5.3) and using r = p/(1 + e cos f ), we get
To get the change of ω over one orbit, we integrate Eq. (5.4) over the true anomaly f from 0 to 2π to obtain
where, for various values of q, we get the forms for f q (e) shown in Table I q fq(e) Range of fq(e) Now from Fig. 4 , we can see that the power q in Eq. (5.1) can be chosen to be 3 or 1 depending on whether the dark matter particles self annihilate or not, respectively. Using r 0 = R S × 10 4 ≈ 4.6 mpc, assuming a black-hole mass m = 4 × 10 6 M , we can read off the values of m 0 :
An estimate of the astrometric effectΘ of the pericenter precession as seen from Earth is given by the rate of precession at the source ∆ω/P , where P = 2π(a 3 /Gm) 1/2 is the orbital period, multiplied by a/D, where D is the distance to the galactic center. Using Eqs. (5.5) and (5.6), together with D = 8 kpc, we obtain the rates for the non-self-annihilating (q = 1) and self-annihilating (q = 3) cases in microarcseconds per year:
Θ DM,ann = 3.81 × 10 −4 P 5/3 1 − e 2 µarcsec/yr .
To compare the rate of precession of pericenter of a star rotating the black hole induced by dark matter with the relativistic effects of the black hole, we provide in Table II , numerical results for the S2 star and for a hypothetical target star which is closer to the center and could be used for the test of the no-hair theorem. Shown are the astrometric pericenter precessions rates as seen from Earth from the Schwarzschild part of the metric and from the two dark matter distributions (Θ S ,Θ DM,ann , andΘ DM,no−ann. , respectively) and the orbital plane precessions from the frame dragging and quadrupole effects of the black hole,Θ J andΘ Q , respectively (see [8] for the relevant formulae for the three relativistic effects).
As an alternative way to compare the orbital precessions induced by dark matter and by the black hole, we compute the amplitudes of various precession rates as seen at the source. From Eq. (3) of [8] and from the results of this section, we list the precession rate amplitudes: 
whereã is the semi-major axis in mpc, and 0 ≤ χ ≤ 1 is the dimensionless spin parameter of the black hole. Figure  5 plots these amplitudes for e = 0.95, χ = 1, for semi-major axes ranging from 0.1 to 20 mpc. As can be seen from Table II and Fig. 5 , for hypothetical target stars in eccentric orbits with semi-major axes less than about 0.2 milliparsec, which could be used to test the no-hair theorem, the pericenter precessions induced by the dark matter distribution at the center are much smaller than the relativistic precessions. Because the pericenter advance due the dark matter distribution is so small , we argue that it is reasonable to consider this as a good estimate for the upper limit on the precession of orbital planes that might be induced by a non-spherical component of the dark matter distribution that would be generated by a rotating central black hole. That non-spherical part is likely to be a small perturbation of the basic dark matter distribution because the effects of frame dragging and the quadrupole moment are relativistic effects that fall off faster with distance than the basic Newtonian gravity of the hole. In addition the mass of dark-matter inside a relevant orbit is a tiny fraction (< 10 −3 ) of the black hole mass, and therefore will not modify the mass inferred from the orbits of stars such as S2. As a result, we can conclude that a dark matter distribution near the black hole will not significantly interfere with a test of the black hole no-hair theorem. Furthermore, if the dark matter particles are self-annihilating, their effects will be utterly negligible.
On the other hand, for S2-type stars, if future observational capabilities reach the level of 10 µarcsec per year, the perturbing effect of the dark matter distribution on stellar motion at the GC could be marginally detectable if the dark matter particles are not self-annihilating, as would be the case if they were axions, for example. If they are self-annihilating, the effects of a dark matter distribution on the outer cluster of stars will be unobservable. For other discussions of the effects of dark matter on stellar orbits see [25, 26] .
VI. CONCLUDING REMARKS
We have carried out a fully relativistic calculation of the effect of an adiabatically grown black hole on the distribution of dark matter at the galactic center, thereby putting the work of Gondolo and Silk [7] on a firm relativistic footing. The differences we find are dramatic only in the innermost region, where we find that the density of dark matter extends all the way to r = 4Gm = 2R S , instead of vanishing at 4R S .
Hence, when estimating the effects of the dark matter from the galactic center, around a population of Intermediate Mass Black Holes [27] (which could be ubiquitous in the Milky Way halo [28] ), or at the center of Active Galactic Nuclei [29] , one should keep in mind the enhanced density of dark matter closer to the black hole.
On the other hand the total amount of mass represented by this innermost region is very small, and therefore the additional perturbing effects on the orbits of stars in the central cluster will be small. For the same reason the additional density in this innermost region will have a small effect on line-of-sight integrals that give net fluxes of high-energy radiation to be expected either from dark matter decays or annihilations.
Finally, we note that we have adopted the GS adiabatic growth model, cognizant of its limitations. For the evolution to be adiabatic, the dynamical timescale inside the region where the black hole dominates should be much shorter than both the typical timescale for black hole growth and the relaxation timescale of the dark matter halo [30] . The former can be estimated as t dyn = r h /σ ∼ 10 4 yr, where r h = Gm/σ 2 is the region where the black hole dominates and σ is the velocity dispersion of the dark matter particles. Assuming Edddington accretion, it would take t S = m/ṁ Edd ∼ 5 × 10 7 yr, while for collisionless dark matter the relaxation timescale is, indeed, longer than t dyn . Let us note that several effects could invalidate these arguments. For instance, if the seed black hole is initially off-center [31] , if there are hierarchical mergers [32] , or if there is kinetic heating caused by scattering of the dark matter particles by stars in the dense stellar cusp around the hole [33] , the GS spike could be destroyed. Important as they are, however, these effects are unrelated to our main purpose of understanding the general relativistic effects close to the black hole within the GS model.
